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E-mail address: hasebe@tea.ocn.ne.jp (N. Hasebe).The quasi-orthotropic elastic plane in which the characteristic roots of the fundamental differential equa-
tion for the orthotropic elastic plane are doubled is investigated. For the associated stress analysis, a
rational mapping function is used and a closed-form solution is obtained. Therefore, the stress analysis
is rigorous for the rational mapping function. The stress functions can be obtained without any integra-
tion. As a demonstration of the stress analysis, a half plane with an oblique edge crack is analyzed.
Stress distributions and stress intensity factors are investigated. The relationships between the quasi-
orthotropic elastic plane and isotropic plane with respect to the stress intensity factor are investigated.
It is also determined that the stress intensity factors for the quasi-orthotropic elastic plane can be calcu-
lated from those of the isotropic elastic plane using a similar conﬁguration and loading condition.
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In an orthotropic plane elastic problem, when the principal axes
for the anisotropy and the coordinate for the conﬁguration coin-
cides, the fundamental differential equation using the Airy stress
function U(x,y) is written as follows:
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where Ex and Ey are the longitudinal elastic constants in the direc-
tion of the x and y axes, respectively. Gxy is the shear modulus,
and mx is Poisson’s ratio in the direction of the x axis. The character-
istic Eq. (1) is as follows:
s4 þ 2 Ex
2Gxy
 mx
 
s2 þ Ex
Ey
¼ 0 ð2Þ
The characteristic roots of the equation above are divided into three
cases with regard to the complex roots (Lekhnitskii, 1968), and it is
proved that real roots do not exist (Lekhnitskii, 1963).
The three cases are
Case I s1 ¼ ai; s2 ¼ bi
Case II s1 ¼ s2 ¼ ai
Case III s1 ¼ aþ bi; s2 ¼ aþ bi
ð3Þ
Case I features pure imaginary roots that are not equal to each
other. Case II features pure imaginary roots that are equal to each
other. When a = 1, case II indicates the isotropic elasticity. In thell rights reserved.present paper, case II is called the quasi-orthotropic elastic body
and analyzed as a plane elastic problem.
Many orthotropic and anisotropic problems have been solved.
Fotuhi et al. (2007) derived edge dislocation under plane stress
condition. And dislocation density functions have also been em-
ployed to evaluate Modes I and II stress intensity factors for multi-
ple cracks with different conﬁgurations. Nobile and Carloni (2005)
studied the elastostatic fracture response of a cracked orthotropic
plate and to predict the crack extension angle, using strain energy
density theory and the maximum circumferential tensile stress cri-
terion. Liu (1996) conducted stress analyses for orthotropic com-
posite materials containing a through crack under remote shear
loads (Mode II). Azhdari et al. (2000) solved two dimensional crack
problems of homogenous, anisotropic, and linear elasticity, using
the Riemann–Hilbert method. In these papers, many references
are introduced.
Lekhnitskii (1963, 1968) presented a beautiful analytical meth-
od for evaluating an anisotropic body. He provided solutions for an
elliptical hole, and an inﬁnite plane of a hyperbola using a mapping
function. However, the solutions obtained are those two particular
used, mainly because a conformal mapping function cannot be ap-
plied in the analytical method. Generally, when cases I and III prob-
lems are solved for any conﬁgurations, two kinds of conformal
mapping functions are necessary for the conﬁguration obtained
from the afﬁne transformation: and the conﬁguration to be ana-
lyzed cannot be represented by a single conformal mapping func-
tion. This fact makes the implementing analytical method for
anisotropic plane difﬁcult. However in case II, the conﬁguration ob-
tained by afﬁne transformation is represented by one conformal
mapping function, and the conformal mapping function can be eas-
ily introduced for stress analysis. In the present paper, a half plane
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problem. For an isotropic plane problem, Hasebe and Inohara
(1980) solved a half plane with an oblique edge crack using a ra-
tional mapping function. Hasebe (1975) also solved a case II prob-
lem for a half plane with a round notch and investigated the stress
concentration at the notch tip. For case II problems, comparatively
arbitrary conﬁgurations can be analyzed to generate closed-form
solutions.
2. Analytical method for case II problem
When the following relation exists among elastic module,
1
Gxy
 2mx
Ex
¼ 2ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ExEy
p ð4Þ
case II holds. When the material is pulled in the direction of the y
axis and the Poisson’s ratio for compression in the direction of the
x axis is expressed by mx, the following relation holds according to
Maxwell’ s reciprocal:
mx=Ex ¼ my=Ey ð5Þ
When the following afﬁne transformation of the coordinates is
performed,
x1 ¼ x; y1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ex=Ey
4
q
y ð6a;bÞ
the fundamental differential Eq. (1) is represented as follows:
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¼ 0 ð7Þ
As shown, the function U(x1,y1) is a bi-harmonic one with regard to
the arguments (x1,y1). Therefore, the analytical method used to
treat case II problems is similar to that used to evaluate the isotro-
pic problem.
2.1. Conformal mapping function
The conformal mapping function that is used in the stress anal-
ysis is described. Fig. 1(a) shows the physical plane (z-plane) to be
analyzed, and is transformed by afﬁne transformation into
Fig. 1(b), which is called the analytical plane (z1 plane). The follow-
ing complex variable is introduced:
z1 ¼ x1 þ iy1 ¼ xþ iky
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ex=Ey
4
q ð8a;bÞ
and the conformal mapping function that maps Fig. 1(b) onto the
unit circle on the f1 plane (Fig. 1(c)) is also introduced. The confor-
mal mapping function for an oblique edge crack in a half plane is
expressed by
z1 ¼ l1 ð1 iÞi
s
2ssð1 sÞ1s
ð1þ if1Þsð1 if1Þ1s
1 f1
ð9Þ
where l1 is the crack length in the analytical plane, s = da1/180, da1
represents the oblique angle of the crack, and f1 = 1 corresponds to
inﬁnity.
In the analytical plane, the crack length l1 and the angle da1 are
expressed as follows:
l1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2l2 sin2 da þ l2 cos2 da
q
da1 ¼ tan1 kl sin dal cos da
 
¼ tan1ðk tan daÞ
ð10a;bÞ
By afﬁne transformation (8), the crack length is multiplied by k in
the direction of the y axis. Using the mapping function (9) for stressanalysis, it is impossible to obtain an explicit solution for the prob-
lem: therefore, the rational mapping function in the f1 plane is
formed from Eq. (9), as are the rational functions for each irrational
term in the equation. The irrational term (1 + if1)s is transformed
into the following rational term:
ð1þ if1Þs ¼ 1þ
Xn
j¼1
Aj
1þ ajf1
þ Aj
 !
ð11Þ
In this paper, n = 12 is chosen (see Hasebe and Inohara, 1980). The
method used to determine of Aj, aj is described in Hasebe and
Horiuchi (1978), and Hasebe and Wang (2005). Another irrational
term (1  if1)1s is expressed as follows:
ð1 if1Þ1s ¼ 1þ
Xn
j¼1
Bj
1 bjf1
þ Bj
 !
ð12Þ
Substituting Eqs. (11) and (12) into Eq. (9), and after some manipu-
lation, the following rational mapping function is formed:
z1 ¼ x1ðf1Þ ¼
E0
1 f1
þ
XN
k¼1
Ek
f1k  f1
þ Ec ð13Þ
where E0, Ek and f1k(jf1kj > 1) are constants, Ec is related to the posi-
tion of the coordinates, and N = 2n = 24 in this paper. In the present
paper as shown in Fig. 1(b), the origin is selected at the root of the
crack, and the x axis coincides with the rim of the half plane. That is,
the direction of the principal axes of anisotropy and that of the
analytical plane are the same. Under these stated condition, the
analysis is performed using Eq. (13).
2.2. Solution
Similar to those used to treat isotropic elasticity, the stress
functions /1(z!) and w1(z1) with regard to argument z1 (see Eq.
(8a)) are introduced and expressed using the variable f1 as follows:
/1ðz1Þ ¼ /1ðx1ðf1ÞÞ  /1ðf1Þ; w1ðz1Þ ¼ w1ðx1ðf1ÞÞ  w1ðf1Þ
ð14a;bÞ
The stress components are expressed as follows (Muskhelishvili,
1963):
rx1 þ ry1 ¼ rx=k2 þ ry ¼ 4Re /01ðf1Þ=x01ðf1Þ
 
ry1  rx1 þ 2isxy1 ¼ ry  rx=k2 þ 2isxy=k
¼ 2 x1ðf1Þ /01ðf1Þ=x01ðf1Þ
 0 þ w01ðf1Þn o.x01ðf1Þ
ð15a;bÞ
Uniform tensile loading px is considered on the physical plane
(Fig. 1(a)): thus the loading on the analytical plane (Fig. 1(b)) is
px1 ¼
@2U
@y21
¼ @
2U
k2@y2
¼ px
k2
ð16Þ
Therefore, the external force boundary equation using the mapping
function is
/1ðr1Þ þx1ðr1Þ
/01ðr1Þ
x01ðr1Þ
þ w1ðr1Þ ¼ i
Z
ðpx10 þ ipy10Þds ð17Þ
where px10 and py10 are external forces that are applied at the
boundary in the z1-plane.
The internal and external regions of the unit circle are denoted
by S+ and S, respectively (Fig. 1(c)).
When a free boundary exists at the boundary, the following
w1(f1) is deﬁned:
w1ðf1Þ ¼
/1ð1=f1Þ  x1ð1=
f1Þ
x01ðf1Þ
/01ðf1Þ for Sþ
w1ðf1Þ for S
8<
: ð18a;bÞ
Fig. 1. (a) Physical plane (z-plane), (b) analytical plane (z1-plane) and (c) unit circle (f1-plane).
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the following Riemann–Hilbert boundary condition is obtained:
/þ1 ðr1Þ  /1 ðr1Þ ¼ i
Z
ðpx10 þ ipy10Þds ð19Þ
In the present problem, the uniform tension px in the direction of
the x axis is considered, and the required stress functions are ex-
pressed as follows:
/1ðf1Þ ¼ /10ðf1Þ þ /11ðf1Þ
w1ðf1Þ ¼ w10ðf1Þ þ w11ðf1Þ
ð20a;bÞ
where /10(f1) and w10(f1) are functions corresponding to the uni-
form tension px in the direction of the x1 axis and are expressed
as follows (see Eq. (16)):
/10ðf1Þ ¼
px
4k2
x1ðf1Þ; w10ðf1Þ ¼ 
px
2k2
x1ðf1Þ ð21a;bÞ
In this problem, the external forces are not applied at the boundary
(px10 = py10 = 0) and Eq. (20a) is substituted into the boundary con-
dition Eq. (19); thus the following boundary condition is obtained:
/þ11ðr1Þ  /11ðr1Þ ¼ 0 ð22Þ
The solution to the equation above is
/11ðr1Þ ¼ Gðf1Þ ð23Þ
Function G(f1) is determined such that the stress function w1(f1) of
Eq. (18) must be regular inside of the unit circle S+. By substituting
Eq. (20) into Eq. (18), the following equation is obtained:
w11ðf1Þ¼/11ð1=f1Þ
x1ð1=f1Þ
x01ðf1Þ
/011ðf1Þ
Px
2k2
x1ð1=f1Þþ
Px
2k2
x1ðf1Þ
ð24Þ
In the second term of the equation above, x01ðf1Þ does not have
zeros in S+ and /011ðf1Þ is regular in S+. The function x1ð1=f1Þ ¼
xð1=f1Þ has its ﬁrst pole at f1 ¼ 1=f1k  f01k in S+. Therefore, the sec-
ond term of Eq. (24) can be written as follows:x1ð1=f1Þ
x01ðf1Þ
/011ðf1Þ ¼ 
XN
k¼1
AkBkf
02
1k
f01k  f1
þ regular terms at f1 ¼ f01k
 
ð25Þ
where Ak ¼ /011 f01k
 
and Bk ¼ E1k=x01 f01k
 
. By substituting Eqs. (23)
and (25) into Eq. (24), and choosing the irregular terms at
f1 ¼ f01k, the following equation is obtained:
Gð1=f1Þ þ
Px
2k2
XN
k¼1
E1kf
02
1k
f01k  f1
þ
XN
k¼1
AkBkf
02
1k
f01k  f1
ð26Þ
The following equation is considered to determine G(f1);
Gð1=f1Þ ¼
XN
k¼1
C
f01k  f1
ð27Þ
and C is determined such that the irregular term at f1 ¼ f01k disap-
pears. Then, C is determined as follows:
C ¼
XN
k¼1
Px
2k2
E1k þ AkBk
 
f021k
	 

ð28Þ
Therefore, G(f1) is obtained from Eqs. (27) and (28)
Gðf1Þ ¼ 
XN
k¼1
Px
2k2
E1k þ AkBk
ðf1k  f1Þ
ð29Þ
and then /11(f1) is obtained from Eqs. (23) and (29)
/11ðf1Þ ¼ 
Px
2k2
XN
k¼1
E1k
f1k  f1

XN
k¼1
AkBk
f1k  f1
ð30Þ
The unknown coefﬁcient Ak is determined by using the relation
/011 f
0
1k
  ¼ Ak and solving 2N (N = 48 in this case) simultaneous lin-
ear equations with regard to Ak and Ak. Finally, the stress function
/1(f1) is
/1ðf1Þ ¼
Px
4k2
x1ðf1Þ 
Px
2k2
XN
k¼1
E1k
f1k  f1

XN
k¼1
AkBk
f1k  f1
ð31Þ
Fig. 2c. Stress distributions on the surface Ex/Ey = 2, da = 60.Fig. 2a. Stress distributions on the surface Ex/Ey = 0.5, da = 60.
212 N. Hasebe, M. Sato / International Journal of Solids and Structures 50 (2013) 209–216The functionw1(f1) is given by Eq. (18). It should be noted that inte-
gration is unnecessary to obtain the stress function /1(f1) and
w1(f1).
3. Stress distributions
Examples of stress distribution are shown in Figs. 2a–2c. It is
convenient for the stress distribution on boundary that the stress
components rx, ry, sxy in the x, y coordinates are transformed into
stress components rr, rh, srh in curvilinear coordinates by confor-
mal mapping function x1ðf1Þ. The transformation is as follows:
rr þ rh ¼ rx þ ry
rh  rr þ 2isrh ¼ e2ihðry  rx þ 2isxyÞ
ð32a;bÞFig. 2b. Stress distributions on the surface Ex/Ey = 1, da = 60 (isotropic plane).where
e2ih ¼
ð1þ kÞf1x01ðf1Þ þ ð1 kÞf1x01ðf1Þ
n o2
f1x01ðf1Þ þ f1x01ðf1Þ
n o2
 k2 f1x01ðf1Þ  f1x01ðf1Þ
n o2 ð33Þ
In all ﬁgures, the stress component rh on the boundary is shown.
4. Stress components near the crack tip
Fig. 3 shows the stress components around the crack tip in the
analytical plane (z1 plane). The coordinate (x01,y01) is the orthogonal
coordinate with an origin at the crack tip, and the x01 axis exists on
the crack surface. The coordinate (x1,y1) corresponds to the principal
axis in the analytical plane, and d1 is the angle between the coordi-
nates (x01,y01) and (x1,y1). The stress components rx01 ; ry01 ; sx01y01
are expressed as in the isotropic case, as follows (Anderson, 1995):
rx01
ry01
sx01y01
2
4
3
5 ¼ K I1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pr1
p
cos h12 1 sin h12 sin 32 h1
 
cos h12 1þ sin h12 sin 32 h1
 
cos h12 sin
h1
2 cos
3
2 h1
2
64
3
75
þ K II1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pr1
p
 sin h12 2þ cos h12 cos 32 h1
 
sin h12 cos
h1
2 cos
3
2 h1
cos h12 1 sin h12 sin 32 h1
 
2
64
3
75 ð34a;b; cÞFig. 3. Local coordinates and stress components near crack tip of the analytical
plane after afﬁne transformation.
N. Hasebe, M. Sato / International Journal of Solids and Structures 50 (2013) 209–216 213where KI1, KII1 are stress intensity factors and (r1,h1) are polar coor-
dinates with an origin at the crack tip. Fig. 4 shows the stress com-
ponents near the crack tip in the physical plane where (x,y) is the
principal axis of the orthotropic plane. The stress components near
the crack tip in the physical plane rx0 ; ry0 ; sx0y0 are expressed as
follows (see Appendix A):
rx0
ry0
sx0y0
2
64
3
75 ¼ K Iaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pra
p Re
t22 2 cos haþt2 sin ha2ðcos haþt2 sin haÞ3=2
2 cos haþ3t2 sin ha
2ðcos haþt2 sin haÞ3=2
t22 sin ha2ðcos haþt2 sin haÞ3=2
2
6664
3
7775
þ K IIaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pra
p Re
t22 4 cos haþ3t2 sin ha2ðcos haþt2 sin haÞ3=2
sin ha
2ðcos haþt2 sin haÞ3=2
2 cos hat2 sin ha
2ðcos haþt2 sin haÞ3=2
2
6664
3
7775
ð35a;b; cÞ
The relationship between the stress components rx01 ; ry01 ; sx01y01 in
the analytical plane (Fig. 3) and rx0 ; ry0 ; sx0y0 in the physical plane
(Fig. 4) is investigated. The stress components rx0 ; ry0 ; sx0y0 are
represented by rx, ry, sxy with regard to the principal axes as
follows:
rx0 þ ry0 ¼ rx þ ry
ry0  rx0 þ 2isx0y0 ¼ e2idðry  rx þ 2isxyÞ
ð36a;bÞ
That is,
rx0 ¼ rx cos2 dþ ry sin2 d 2sxy sin d cos d
ry0 ¼ rx sin2 dþ ry cos2 d 2sxy sin d cos d
sx0y0 ¼ rx sin d cos dþ ry sin d cos d sxyð2 cos2 d 1Þ
ð37a;b; cÞ
Next, the relationship between the stress components rx01 ; ry01 ;
sx01y01 near the crack tip in the analytical plane (z1 plane) and
rx1 ; ry1 ; sx1y1 with regard to (x1,y1) coordinates is represented by
the following equations:
rx1 þ ry1 ¼ rx01 þ ry01
ry1  rx1 þ 2isx1y1 ¼ e2id1 ðry01  rx01 þ 2isx01y01Þ
ð38a;bÞ
where d1 = tan1(ktand). The equation above is expressed as
follows:,
rx1 ¼ rx01 cos2 d1 þ ry01 sin2 d1  2sx01y01 sin d1 cos d1
ry1 ¼ rx01 sin2 d1 þ ry01 cos2 d1  2sx01y01 sin d1 cos d1
sx1y1 ¼ rx01 sin d1 cos d1 þ ry01 sin d1 cos d1  sx01y01 ð2 cos2 d1  1Þ
ð39a;b; cÞ
The stress components rx, ry, sxy with regard to (x,y) coordinates
(Fig. 4, physical plane) and the stress components rx1, ry1, sxy1 with
regard to (x1,y1) coordinates (Fig. 4, analytical plane) are related as
follows:Fig. 4. Local coordinates and stress components near crack tip of the physical plane.rx1 ¼
@2U
@y21
¼ @
2U
k2@y2
¼ rx=k2
ry1 ¼
@2U
@x21
¼ @
2U
@x2
¼ ry
sx1y1 ¼ 
@2U
@x1@y1
¼  @
2U
k@x@y
¼ sxy=k
ð40a;b; cÞ
Therefore, the stress components rx0 ; ry0 ; sx0y0 (physical plane) are
represented by rx01 ; ry01 ; sx01y01 (analytical plane) using Eqs. (37),
(39) and (40) as follows:
rx0 ¼ ðk cos d cos d1 þ sin d sin d1Þ2rx01
þ ðk cos d sin d1  sin d cos d1Þ2ry01
þ ½2ðk2 cos2 d sin2 dÞ sin d1 cos d1
 2kð2 cos2 d1  1Þ sin d cos dsx01y01
ry0 ¼ ðk sin d cos d1 þ cos d sin d1Þ2rx01
þ ðk sin d sin d1  cos d cos d1Þ2ry01
þ ½2ðk2 sin2 d cos2 dÞ sin d1 cos d1
þ 2kð2 cos2 d1  1Þ sin d cos dsx01y01
sx0yo ¼ ½ðk2 cos2 d1  sin2 d1Þ sin d cos d
 ð2 cos2 d 1Þ sin d1 cos d1rx01
þ ½ðk2 sin2 d1  cos2 d1Þ sin d cos d
þ kð2 cos2 d 1Þ sin d1 cos d1ry01
þ kð2 cos2 d 1Þð2 cos2 d1  1Þsx01y01 ð41a;b; cÞ
Because ra in Eq. (35) and r1 in Eq. (34) are
ra ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x20 þ y20
q
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p
r1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x201 þ y201
q
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ y21
q
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ ðkyÞ2
q ð42a;bÞ
the relationship between KIa, KIIa and KI1, KII1 is obtained from Eqs.
(34), (35) and (41) as follows:
K Ia ¼ K I1ðk2 sin2 dþ cos2 dÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos d1
cos d
r
K IIa ¼ K I1ðk2  1Þ sin d cos d
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos d1
cos d
r
þ K II1½k3ðtan2 dþ 1Þ sin2 dþ k cos2 d1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos d1
cos d
r ð43a;bÞ
where d1 = tan1(ktand). Therefore KIa, KIIa are represented by KI1,
KII1. By substituting Eq. (34) into Eq. (41), the stress components
rx0 ; ry0 ; sx0y0 (physical plane) are represented using KI1, KII1 (ana-
lytical plane) and the polar coordinates (r1,h1) as follows:
rx0 ¼
K I1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pr1
p ðk cos d cos d1 þ sin d sin d1Þ2 cos h12 1 sin
h1
2
sin
3
2
h1
 
þ k cos d sin d1  sin d cos d1Þ2 cos h12 1þ sin
h1
2
sin
3
2
h1
 
þ 2ðk2 cos2 d sin2 dÞ sin d1 cos d1  2kð2 cos2 d1  1Þ sin d cos d
h i
 cos h1
2
sin
h1
2
cos
3
2
h1

þ K II1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pr1
p ðk cos d cos d1 þ sin d sin d1Þ2
n
  sin h1
2
2þ cos h1
2
cos
3
2
h1
 	 

þ k cos d sin d1  sin d cos d1Þ2 sin h12 cos
h1
2
cos
3
2
h1

þ 2ðk2 cos2 d sin2 dÞ sin d1 cos d1  2kð2 cos2 d1  1Þ sin d cos d
h i
 cos h1
2
1 sin h1
2
sin
3
2
h1
 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K I1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pr1
p ðk sin d cos d1 þ cos d sin d1Þ2 cos h12 1 sin
h1
2
sin
3
2
h1
 
þ k sin d sin d1  cos d cos d1Þ2 cos h12 1þ sin
h1
2
sin
3
2
h1
 
þ 2ðk2 sin2 d cos2 dÞ sin d1 cos d1 þ 2kð2 cos2 d1  1Þ sin d cos d
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where
h1 ¼ tan1 k½tan dþ tanðha  dÞf g
r1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x201 þ y201
q
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ y21
q
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ ðkyÞ2
q ð45a;bÞTable 1
Non-dimensional stress intensity factors.
da () Ex/Ey = 0.5 Ex/Ey = 1.0
da1 () da1 ()
FI1 10 8.43 0.19599 10.00 0
20 17.02 0.36555 20.00 0
30 25.90 0.55118 30.00 0
40 35.21 0.74884 40.00 0
45 40.06 0.85046 45.00 0
50 45.06 0.95216 50.00 0
60 55.53 1.14493 60.00 0
70 66.60 1.30651 70.00 1
80 78.16 1.41572 80.00 1
90 90.00 1.45444 90.00 1
FII1 10 8.43 0.21859 10.00 0
20 17.02 0.34256 20.00 0
30 25.90 0.43564 30.00 0
40 35.21 0.48671 40.00 0
45 40.06 0.49603 45.00 0
50 45.06 0.49202 50.00 0
60 55.53 0.44121 60.00 0
70 66.60 0.33495 70.00 0
80 78.16 0.18134 80.00 0
90 90.00 0.00000 90.00 05. Stress intensity factor
The stress intensity factors KI1, KII1 are obtained from the stress
function and the mapping function as follows (Hasebe and Inohara,
1980):
K I1  iK II1 ¼ 2
ﬃﬃﬃﬃﬃﬃ
2p
p
lim
z1!z10
½ðz1  z10Þeik0:5U01ðz1Þ
¼ 2
ﬃﬃﬃﬃﬃﬃ
2p
p
e0:5ik lim
f1!f10
½x1ðf1Þ x1ðf10Þ0:5
/01ðf1Þ
x01ðf1Þ
¼ 2 ﬃﬃﬃpp e0:5ik /01ðf10Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x001ðf10Þ
p ð46Þ
where k = da1 is the angle (anticlockwise) between the crack and
the x1 axis.
The non-dimensional stress intensity factors are deﬁned as
follows:
F I1 þ iFII1 ¼ K I1 þ iK II1
Px
ﬃﬃﬃﬃﬃ
pl
p ð47Þ
where px is the uniform tension in the z-plane and l is the crack
length.
Table 1 and Fig. 5 show the non-dimensional stress intensity
factors FI1, FII1. The stress intensity factors KIa, KIIa are obtained
for d = da and d1 = da1 in Eq. (43). Ex/Ey = k4 = 1.0 indicates isotropic
elasticity. When Ex/Ey = k4 decreases, the FI1, FII1 values increase.
The analytical method used to treat quasi-orthotropic elasticity
is the same as that used to treat isotropic elasticity. Therefore, the
isotropic plane similar to the analytical plane is investigated. The
following three planes are considered:
(1) the quasi-orthotropic elastic plane to be analyzed (crack
length l, crack angle da, loading px) (called the physical plane);
(2) the analytical plane (crack length l1, crack angle da1, loading
px1) (called the analytical plane);
(3) the isotropic plane similar to the analytical plane in the con-
ﬁguration and the loading condition. (crack length le, crack
angle de = da1, loading pxe) (called the isotropic plane).
When the crack length l1, crack angle da1 and loading px1 are
represented by those of the physical plane, the following relations
are obtained, respectively:Ex/Ey = 2.0 Ex/Ey = 4.0
da1 () da1 ()
.16102 11.84 0.13331 14.00 0.11007
.30466 23.40 0.25587 27.24 0.21519
.46290 34.47 0.38772 39.23 0.32367
.62467 44.94 0.51775 49.88 0.42525
.70482 49.94 0.57883 54.74 0.47058
.78187 54.79 0.63556 59.32 0.51154
.92014 64.10 0.73299 67.79 0.57950
.02854 72.98 0.80542 75.57 0.62812
.09775 81.57 0.84986 82.89 0.65720
.12152 90.00 0.86481 90.00 0.66686
.17479 11.84 0.13826 14.00 0.10879
.27107 23.40 0.21297 27.24 0.16538
.33579 34.47 0.25600 39.23 0.19242
.36485 44.94 0.26837 49.88 0.19345
.36477 49.94 0.26287 54.74 0.18584
.35449 54.79 0.25056 59.32 0.17405
.30572 64.10 0.20872 67.79 0.14073
.22430 72.98 0.14894 75.57 0.09826
.11858 81.57 0.07735 82.89 0.05037
.00000 90.00 0.00000 90.00 0.00000
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Fig. 5. Mode I, FI, and Mode II, FII, stress intensity factors for some ratio of elastic constant Ex/Ey = k4.
Fig. 6. The analytical plane (z1-plane) and similar plane of the isotropic plane (z-plane).
1 1,J J
1e aδ δ=
xeP xeP
1e =
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
0 10 20 30 40 50 60 70 80 90
,e eJ J
1e =
1e aδ δ= ο
Fig. 7. Non-dimensional stress intensity factors for the isotropic plane.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkl sin daÞ2 þ ðl cos daÞ2
q
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2l2 sin2 da þ l2 cos2 da
q
da1 ¼ tan1 kl sin dal cos da
 
¼ tan1ðk tan daÞ
px1 ¼
px
k2
ð48a;b; cÞ
When the analytical plane and the isotropic plane are compared,
the crack length is l1/le and the loading is px1/pxe (see Fig. 6). There-
fore, according to the law of similarity for the crack, the following
relation is obtained:
KI1 þ iKII1 ¼ px1pxe
ﬃﬃﬃﬃ
l1
le
s
ðKIe þ iKIIeÞ ð49Þ
where KIe and KIIe are the stress intensity factor for the isotropic
plane. When the relation above is expressed using Eq. (48), the fol-
lowing equation is obtained:
KI1 þ iKII1 ¼ px
k2pxe
ﬃﬃﬃ
l
le
s ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2 sin2 da þ cos2 da4
q
ðKIe þ iKIIeÞ ð50Þ
Therefore, when (KIe,KIIe) are known, (KI1,KII1) can be obtained; in-
versely, if (KI1,KII1) are known, (KIe,KIIe) can be obtained.
216 N. Hasebe, M. Sato / International Journal of Solids and Structures 50 (2013) 209–216The following non-dimensional stress intensity factors due to
the crack length and loading for the analytical plane and the isotro-
pic plane are deﬁned:
JI1 þ iJII1 ¼
KI1 þ iKII1
px1
ﬃﬃﬃﬃﬃﬃﬃ
pl1
p ¼ KI1 þ KII1
ðpx=k2Þ
ﬃﬃﬃﬃﬃ
pl
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2 sin2 da þ cos2 da4
q
JIe þ iJIIe ¼
KIe þ iKIIe
pxe
ﬃﬃﬃﬃﬃﬃﬃ
ple
p
ð51a;bÞ
Eqs. (49) and (51) indicate that JI1 + iJII1 = JIe + iJIIe for de = da1. Fig. 7
shows (JIe, JIIe) versus the crack angle de = da1. For example, when
the values of (JIe, JIIe) are required for Ex/Ey = k4 = 2.0, da = 50, the
values (JIe, JIIe) for de = 54.79 are read from Fig. 7 because da1 =
tan1(ktanda) = 54.79 from Eq. (48b) (KI1,KII1) are obtained from
Eq. (51a) and KIIa and KIa deﬁned by Eq. (35) are obtained from
Eq. (43).
6. Conclusions
The quasi-orthotropic elastic plane obtained by afﬁne transfor-
mation was analyzed. A rational mapping function was used for the
analysis, and a closed form solution was obtained. The solution is
rigorous for the conﬁguration represented by the rational mapping
function. As stated, any integration is unnecessary to obtain the
stress functions. As an example, a half plane with an oblique edge
crack under uniform tension was analyzed and stress distributions
and stress intensity factors were obtained. The relationship be-
tween the quasi-orthotropic and isotropic planes was investigated
Stress intensity factors for the quasi-orthotropic plane were ob-
tained from those of an isotropic plane similar in conﬁguration
and loading condition. When Ex/Ey = k4 decreases, the FI1, FII1 values
increase. Many stress intensity factors for isotropic planes for an
arbitrary shape have been obtained. Therefore, by using the
analytical method presented, stress intensity factors for a
quasi-orthotropic plane similar in the conﬁguration and loading
condition to an isotropic plane can be simply calculated.
Appendix A. Derivation of Eq. (35)
The fundamental differential equation for the orthotropic plane
with regard to the coordinates (x0,y0), which are different from the
principal axis, is expressed as follows:
a22
@4U
@x40
 2a26 @
4U
@x30@y0
þ ð2a12 þ a66Þ @
4U
@x20@y
2
0
 2a16 @
4U
@x0@y30
þ a11 @
4U
@y40
¼ 0 ðA1Þ
where the elastic constants a11, a12, a16, a22, a26, a66 are the coefﬁ-
cients of the following equations:
ex0 ¼ a11rx0 þ a12ry0 þ a16sx0y0
ey0 ¼ a12rx0 þ a22ry0 þ a26sx0y0
cx0y0 ¼ a16rx0 þ a26ry0 þ a66sx0y0
8><
>: ðA2Þ
where ex0 ; ey0 are the strains in direction of (x0,y0) axes, respec-
tively, and cx0y0 is the shear strain.
The characteristic equation of Eq. (A1) is
a11t4  2a16t3 þ ð2a12 þ a66Þt2  2a26t þ a22 ¼ 0 ðA3Þ
and the characteristic roots are
t1 ¼ a10 þ ib10; t1 ¼ a10  ib10;
t2 ¼ a20 þ ib20; t2 ¼ a20  ib20
ðA4a;b; c;dÞwhere a10, a20, b10, b20 are real constants.
Noting the neighborhood of the crack tip where the angle be-
tween crack and the principal x axis is d and using the polar coor-
dinates (ra,ha) whose origin is the crack tip (see Fig. 4), the stress
components near the crack tip are represented (Sih and Chen,
1981) by
rx0
ry0
sx0y0
2
64
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75 ¼ KIaﬃﬃﬃﬃﬃﬃﬃ
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p Re
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p
 
2
66666664
3
77777775
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2pra
p Re
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t1t2
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cos haþt2 sin ha
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cos haþt1 sin ha
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t1t2
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where KIa, KIIa are stress intensity factors.
The characteristic roots s1, s2 of the fundamental differential Eq.
(1) with regard to the principal axis of the anisotropy are related to
t1, t2 (Lekhnitskii, 1968)
s1 ¼ t1 cos d sin dcos dþ t1 sin d ; s2 ¼
t2 cos d sin d
cos dþ t2 sin d ðA6a;bÞ
Therefore,
t1 ¼ s1 cos dþ sin dcos d s1 sin d ; t2 ¼
s2 cos dþ sin d
cos d s2 sin d ðA7a;bÞ
and Eq. (A5) is represented by s1,s2.
In Eq. (A5) after the manipulation of the limits s1? s2 = ik, Eq.
(35) is obtained where
t2 ¼ ik cos dþ sin dcos d ik sin d : ðA8ÞReferences
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